OP f';M"Z"ng (-’o'-P-Pard'rT (-,’/pu,'{.s

While CNOT-dinedral re-synthesis only applies
to the (hon-universal) §CNOT X, Rn} s a1l Sét, we
can a'oply 1+ to optimize CNoOT - dihedral SYb-clveults
of general Clifford+T circuits

Fven with OP'H/"'O/ rP-S‘y/H'hoSiS‘., o Bforent
partiHdioning s of o circart may resu(t+ in
difCerent cosis.

F-o- |
Consider the below civeul+. There are 3 mayjme|

CNOT-dihedral sup-cirewts: [/ 2 % 3

T

Since | and Q overlep, +he ordor of re-syntuess
matters — re-synthesiaing | £7rst mey rencve the setes

in the intersecton, but 8550eting those sates

with 2 instead could have led 1o bettor optimizatin,

One option /s to merk gales in the /nterserton
and try o €ind @ global optimum over e set o
Synthesis prpblpms, We're st+ill just Sweeping the
€loers onthe Titanic thoash because the
oPi-fmfzah'on fail® 10 +tqke into acrowat +he wholo
circart, As in claSSical C‘Oﬂpi’Pffq the bLes+
optimizations ave whole program Oplimzations
typically using static a@nalysis to make |t

troctable.
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To represent a whole progrem over &EH,CNoT, T3
using phase polynomials, we con hotethat

H:ix? k——?‘,‘-i & 07Xy

2 .Xcz'?

Ln particular, u"';S Z(.‘)"’“ Ix'y = 109 + 0" 11
?

X'e
i<

T 14y F x= O) 1= Fr€x=1

| _ )
X+x'-(xox') we olmost have

Voting +hat (-1 = ¢
a phase polyrom val rpprﬁsoﬂfaf'/'OA,MuH’h o ne

erira verrable (x') whiCch i3 Summed over (+ nafm.Pad'w)

Prop

’4”7 ('ir(‘ui"l’ C over §H,CNoT, Ry} can be vriiten as

- L 1y, PG %)
O UcTisr—mg 8
Q

tor Some phase poynomial P and AN (Zq>

Aht k

[Atz. ) «b)

(Sum - over- plitss)
The representerton (D IS known @S the ((/‘/0(/;7')
sum-over-paths. The sumwed yariables ;' ore called
path variables and ann be thought of as idonlifying the
branch +aken (in sdpﬂrposﬁfon) at some Hadamard g ate,

The Sun -over -paths Correspends +o prn man’s
path integral €ormulation of g uantum mechanics.



The Fp}mman paﬁo m%pgml

In Feynman’s path integrel €osmulation of O,
the evolution of o pe’ ticle or S'yS'va s viewed
as the Sam/intogrel overs the oifforent (clasSsical)

paths/ewlutions i+ tahes N SppPrposi+ion,

° B
3

A § C
A — (x +B+5)8+8C
Fo.

Wo can analyze the ewlutjon of circyrs in the path
i’l—i?grnl style by +ra ck ing The evolntian OF en input basis Srare

s
Consider i
cNot T ebol_ cNok % cNoT
tooy — . . ; ——— [0
1017 - ' . 1ol

1oy . — *Qﬁ ‘)F: “’*"' ' :, 1107
1117 :X: W .‘ J‘M " . wi '- '1 ‘ '”7

- - - = - ]

-_— - - - -_— - - 2 - - - *
- - = - [

Each path ends inthe state [+ Sterted, end the
red (01> and blue (10) Pa'/hs both pick up o pmse
of w-wt =|, Sothe orerall effect of +he Oty S nothing.

F.o.
gﬁl—oda nord gates Correspord 4o branchms paths
T+ _note: each path has

H c= ==
” A magn tud £
“7 ! ’ —— - o e o _) ") 6

phaseS doa™t Cosi'ly Slide/commute!



/4'/1 notated civeuits

As with phase pol ynemial representations., The
Sum-oves ‘Pﬂ‘th can be ddprm/n(d b) ﬂnnp-fa-f/m

E.o
Annotating @ basis State transformations, and
B branches,
t he Sdm-over-path3 repre 8ontertion of t+he p|lowing

circuit can be read out by collectine the prase tens
and summing oves all branches'
—— x

X 29 []]
y Y — E} %"
2 - H }-——Eg—x, ,i@ *X&)y@x'
Xeydz Xey®x'
B P, y.2a%, 3D ,
SOP form: |Xy2270 Q XZ W e ‘XX“(YJQ)@X»
L’

P(x,y12:%'4¢") = x@y +I(xsyoz> +ax +ixaye) + Yy (%))

Z¥@y TIxoyeR) + b(r'DXBYDZ) 1 AxT
UxtUy 14"+ A0 + Qexmd + 6L x" Oxsy)

= ey 1A(x0y02) +blx'OxOy®2) tix +{y
+Ax" +Q(x0Y) + b(x"OxSY)

This IS tediou S Computers ave murn better

P (op.

The Sum -over-paths representation of a Cliftonl+T
circdi+ C can be Ccomputed in Poly((('l) timp & space



Sem-over-paths re -Synﬂ\ esis

Syn‘fhPQiZihg a CivedlY €rom o Sdm-ow’/—pﬂfhs 'S
epnprirally hord (ot leasS+ coNP-hard)

E .

———

ConsSicder d Sum-oup,hpd“,hs Vl"“\ k diS‘Ji,{"‘{ m/,'ablﬁs
$%;3 and Phase.s only of +1he €orm (-‘)xi"};(%*’j-(x;oxj).
We can draw The phase polynemal as a g saph where
a phas’ o2 (_‘)x;y)’ means an mee between x,-i?x;

X, ~Xy W Xa TXs XM F XXy
X3 X3

we can implément phases by either
C2:1%;> 155 FIAY 3 w5 %55 4 OF
v 4 X, X5
Since H “consumes™ an y;, Qiven 34bSets

(TL.,P,0) of £4i3 correinputs, path varables, and
outputs, synthesizing a circuit ovor §H,C23 =F§H,%S3
amounts o €inding an assignment V(X)) =X, Cor all X; eP st

I Vix;yzx; =2 (xia¥) € E
3. VXN S VIxy) =2 %)= %
3. Vs NO =&
Y. \I(X)):)(; =) )(; c )(; is & Pa/'h.ql order
These cen strognts ase unsetiSfiakle €or 1he graph
.I X."'_ p
ol — @)
But i+ can be Satisfiea by pplying 8 lineas Hransratet
Xg —7 X ®X5 , i.€ a9 X®%a




Where do wve go €rom here?

Classical program optimization also vurs jnte
inhereat proble.S’ of tractebility (or even
UnhCemp mab.‘l,'-ry...). To solve Thi> problem,
we use Stalic program onalysis +o
prove pro’oprh'ps which allow a compiler to

Sa'FP‘ y per‘Farm an optimization .

Our Ffinal (lecturve) +opic is the

phase foldine optimizetion which uses
+he cum-over —paths mede| to prove +wo
phrase sateS Can be mergrd nto one.

we firs+ gtart by Showing that the phose
polynomie| ran be used to optimize ¢ircutts
without re-Syninesis by rdenti€ying

Whirh 94"95 odd +o +thh e Some +erm of P

and hesce can be replaced vith @ Sing le gate.
Then wewill loottat proving (via an algor thm)
that +wo gates add +o The Same term wilthout

explicitly o mputing the Sdm-over ~paths.



Phase €olding (first pass)

Basic insight
Given the pafh sum O‘F @ Clif€ord 1T c,’/(’m""

12> 3§ & A ke, 5

i€4we T oates (qu T, 2 TQ) contribute to the
Same term of P., .90 W ’(3"7)2 w3 ¢2ay) 5:2')
Then the circut with T, replared withS and T,
replaced wyth T has ihe gsame path intagral.

(Xy> — w Y O [ Xy

m xy> >3 (xyy 0 Hhe Same
IS5 Py

Seen another vay, /£ the phase gates contribute +o tne
same term, the aP(’e(‘**?d pathe are theé SaAme SO0 wo may

slide the phases alons the paths +o meatch yp

cNer  T_  chor. cNob T CNoT
looy ——— —— ' , N bt
1017 , ' ——— lol>
loy — — . ,‘ﬁ ' ,% d 3( 1107
117 X e ~ N 11

- - - = - |

— - - - - = o,,,
‘—‘4 "‘4

(P"\CSP Fo’d:’ng over Clffbord + R (9))

. Compute +he path sum, tating nole of which R, oates
contribute Yo each toerm of P.

Q. For each +oerm (6,1 - +0, ) xa(X) of P)
3 Roplace R(0) with R2(8,%-+6,)

4. Replare each R, (8)), 21 vith T



EXOMplo

To Dppy the <Phas? €oldin® OP‘I’IMJZO"fIDn Yo the
Lollom'ne €. V(’UI"'

Rz (&) 4A TRZ (e 2] —
i@f[“ ‘:‘ e’)]IEFI O—R2(O}—
- &—k54)

we €irst celcylate the Sum-over-paths b}:
onnotating +he circut

xmz‘
X 1&2 (©,) I——Jﬁzfegﬂ-—\x&b’
x®y

v 28 R (9a3,ﬁ-ﬁz‘93))IDr‘I R, (€} — X

= 4>(&>y
°"Qy :r;rlp v:;l’r phase
2 P(y.,\/ 2,2) a e

ey oz g T k@) x 6wy

chq‘/q?-,?') 2 (0,76 x+ (0, 0 )x0y 7 ©, ¥oy®z +E:-x05!

NP)H’ we mer9e any of +the rotetions vhich add4o1he
sSame term of P, nO‘fab,y 6,26, ond ©< &9, 5y

simply Chenging 1he anglos. The optinized circul /s
Shown below

ﬁ (01 6)|—— D TRZ (@) }—
l(Qa"eq) szes)) Er—Lw

Co—

Note that 1he angles ©,; need not be regl nunders @nd A
Pa/-lzr‘u/df cgn be (’r/('drf‘ Paré’mffpfg



choml exact representation

What i€ i17S teo expensive (or impossiblo) +o
compute an exact representation as q path sum?

Ex.
Suppose U s some oate ‘for which wedon'+ k now
ts path sum. How could we find This oglimizat on?

i row s i
Sl T

Note that (£ V=H, then the path Sum wovld be

L > +Y(x02d
ly)'?'—%ﬁ Zzw txope T2 TX | 2y

where we cen read/'y observe that the T gates,
corresponding1o > pheses canbe mersed,

The key idea is +hat even i¥ we knew nothing
aboat what U doés, we can still prove that
+he inptts to the T gates erc the Same by

-'—r(.‘}"n’ u as i'P |.+ wersé anan H 9#’?. T/'\J‘S s an
a,PProxiMa'h'on of U.

T o under s+and @ pprex imotion, we need +o urdesstand how
classical stati enalysis worhs (rousghk)



Ana'ysis -basedl oplimization

S tatic 4ha'y5c'.s is used in mos+ elassical (’om,oilers
to PPr\eorm optimiz aton, Rou_,hly,, + he goal is +o

prove ProPerP_s of a program that Nold on any
éxecution,

E9 n C'\ Pf°PP’+Y: n ar\y éxecCution ofF
: the prgrem, ho read of x

| _ . will eyver read the write on line |,

i x = €y,

it X = Oy Optimization remeve line i

Since we Can™Fryn o Clgssicql prog/am on Pl/ery
input and CheoCK whothev the property hokls, in
aralysis -based optimization a Hraclable) set

o€ properties which are Sufficiont +o prove

the pfapor‘fy in gueStion are used +o descr/be

the current state, Commands are executed by

updating the properties of Hdhe Curre nt state Correspondiy,

Eo.
5q> we want 4o knev whether o variable IS PPS‘H/'vp
or negative etine end of the computation. Wo wight

try to prove this by keeping track of whether eech
variDble is pesiive or negative.

—> £x203
-l — §x320, y<O0}

x+l ——> §xz0, y <0}
X+Yy — §x 20,y <0, 2%

W o

TFwe only fnow Yhat
X20,9<0, we don™y
know whethe,

N X ~ %

l

2
3
q




Abstraction £ approxime tion

The rop/PSP/Ha'HoA of a Stote (or set of States) S
b\/ a .P/OPP/+y (o'f ced o€ p/ppf/'f‘l."b) P is on

gbstraction. T€ P i> a preperty which /s +rue

of some lerser sed of shates S'D5, +hon P

over-approximotes S, I we have sens/ble. maps
(monetone)

X . States —> Properties (abstgction)

~6 ' Pro Po/-h’es — States (concretization)

(Souhdly)
then O(AOVP/~¢fPraxim¢"'-P.$ X means that X L ¥ are

n a Galois conn@Ciion.
Sc p-x(S) VS

We visaalize this 25

States Properties
(sevs of) (sets of)

we won™ use eny o€ 1his directly,
but 4 Aelpful 1o understand t+he
cei up & intuidien.

(Fer the Cotogory 1hooriSts -noto that &« & § ore
ad.)’o{n’r Funttors )



A’MD""‘"’ ons es P/’opf/"f(’

Qur circait anrototions dre rpal/y @ sSerling q
property, namely thoat o Felatiorship holds
betweenth e state (inthecConp. basis, by linearity)
at +wo locationS in the Ciredit

E.g.
means that atdes epplying CMOT 1o Ix)),

X X
y | x®y the resalt prejPeted onto the rompdteational bas s
iS Iw'y'? where x'z=x y':xay

means Yheat qfter Off'y;ﬂj X 4o I>, the
result [¥'> setisties x':= @x

X -_@"X' M PANS thet after Qppl)v t‘n_g H 4o Ix7) +he
resull is (x> Surh +het no relatfon holds

between x & x' ~p.9. if x=0.1hep x'
can b O or |.

The phﬂSP <€olding qlgon'-fhm onll merges oates i€ their
inpnts are (P”"nbly) the some, 1.0. = T'R:'L.
(R}

X<z

Iniufh’vﬂy, i€ our 9oal is o p rove that the Stete
(i.e. 1he path) is the Same dat tws lorations, the
lpas+ precise way we can model an arbitray oate is
+0 a99ume that no relationship holds between i1s
inputs and outputs,

Prep

For eny oate U, VIZ?2=1X17 s a Sound over-approxination
0f U with respecrt +to phose {blding



Phase folding (second version)

The analysie-style phase Holding optimizatior
can b¢ specCified by 9QiVirg an akStract Semantics

n:xj_lq 6P ixr— ¢ °liex>

[I:CIVDT ]q ; p; Plor)n — P; Plxcx&Jy)>
; 1 (P+Ox)
[Rz(],: eF1o e 771>

P 5 P
EU]q ‘e I>—e IRy where Ujs any uu%ryon
n bys any S'()' :s @ veClor
of fresh wmr.ables

(Quantum phase £olding)
G iven a Circurt C over any set of sqte Symbols,

|, Compute E('ﬂq = p'p|5}v) Sequgntially
(-6 [0 vJp5>= [0, J(0v3,4127))
Q. Mers9o any 9@tesS (ontributing D The came
+erm of P

Prop (Soundness)

Let C' be the circu't obterned by phase folding C.
Then [CT=0C] (e C=C as mortrices)

PL (sketon)
The idea IS to Show that P is @ gound over-epprox.

o€ the real phase polynomial P! That is, ¢ P hasq
torm with coefliciont ©,+ O34 1hen sodoes P'.



